Abstract: It is known that there is no room for anti-particles within the Schrödinger regime in quantum mechanics. In this article, we derive a (non-relativistic) Schrödinger-like wave equation for a spin-1/2 free particle in 3 + 1 space-time dimensions, which includes both positive-and negative-energy eigenstates. We show that, under minimal interactions, this equation is invariant under and discrete symmetries. An immediate consequence of this is that the particle exhibits Zitterbewegung ('trembling motion'), which arises from the interference of positiveand negative-energy wave function components.
Introduction
When we look back in retrospect to the early stages of the development of quantum mechanics, we can imagine the amazement of physicists by their new discoveries. Unexpectedly, they were able to solve many old and arduous puzzles, such as the mysterious stability of atoms with respect to a steady radiation of their moving electrons. Under the name of -symmetry [1] , perhaps, we might be witnessing a continuation of these discoveries. As we know, the 'prescription' of the founders of quantum mechanics consisted in an appropriate replacement of any classical observable by a selfadjoint operator in Hilbert space. Regrettably, during the ensuing applications of quantum mechanics, a few paradoxes appeared, specifically in connection with relativistic problems, e.g. negative-energy electrons in the 'Dirac's sea' [2] , representing an important practical limitation of the whole prescription (and suggesting that the realistic Hamiltonians might be non-Hermitian). Subsequent development of quantum mechanics resulted in the emergence of quantum electrodynamics (QED), which describes how light and matter interact, and it is the first theory where full agreement between quantum mechanics and special relativity is achieved.
To introduce the object of this work, we recall that in QED the 'negative-energy' states represent the states of electrons moving backwards in time. Reversing the direction of proper time τ amounts to reversing the sign of the charge so that the electron moving backwards in time would look like a positron moving forward in time [3] . We can use the classical equation of motion for a simple proof, and then apply the representation of positrons as electrons moving backwards in time in the Dirac equation approach to QED. Notice that the kernel associated with the Dirac equation takes non-zero values for negative times. But taking the non-relativistic (NR) limit, the kernel associated with the Schrödinger equation is exactly zero for negative times and there is no room for anti-particles within the Schrödinger regime. In fact, in the NR case, the paths along which the particle reversed its motion in time are excluded. The disappearance of the negative energy levels in the NR limit can be easily shown in the technique of the large and small components of the Dirac wave functions.
In this article, we show that actually an NR Schrödinger-like wave equation with Hermitian Hamiltonian can be derived allowing for negative-energy eigenvalues. We first assume that the total energy of a spin-1/2 free particle consists of the corresponding NR kinetic energy plus its rest energy constant. By squaring the total energy, we redefine the classical expression to be used to obtain the corresponding NR quantum wave equation. In the presence of an electromagnetic field, this wave equation is covariant under the combined space inversion and time reversal discrete symmetry, and separately under charge conjugation . We conclude that the phenomenon of Zitterbewegung (ZB) of the particle is consequently present in this approach by developing the basic equations describing its motion. quantities is [4] 
, which is also valid for eventual negative values of E and E′. Let us now assume that the particle is at rest in the K′ system, i.e. E′ = m 0 c 2 . Thus (1a)
becomes
It is worth noting that this expression represents a correspondence relation for E D : i.e. the energy eigenvalues of the free-particle Dirac Hamiltonian. To see this, let us calculate the eigenvalues of the Dirac Hamiltonian [5] in the energy-helicity eigenstates |E D , λ⟩:
where λ is the eigenvalue of the helicity operator̂︀ Λ, formally defined in (22) . To simplify our notation, let̂︀ be an
Therefore
where the symbol {,} means an anti-commutation relation. By using the well-known properties of α i and β matrices
we get
Therefore from (2) and (4), we make the following correspondences:
Notice that a distinction of concepts is involved in (2) and (4) [6, 7] . The term v · p in (2) is the scalar product of the velocity v of the frame K′ (where the particle is at rest) and the momentum p of the particle, both relative to the (laboratory) frame K. They are associated with different objects. Therefore, as is well known, at the quantum level we have to discern between p →̂︀ p and m 0 γv → m 0 γcα, although they have the same mean value [see (7)].
Quantum Mechanical Description of an NR Spin-1/2 Particle
We will now try to obtain a wave equation for an NR spin-1/2 particle of mass m 0 [7] . To begin with, for a strictly NR wave equation (i.e. not as an NR limit of a relativistic expression), we are concerned with the classical energy momentum relation
in which the total energy E of the free particle is the sum of its rest energy plus its kinetic energy, with p = m 0 v. We subsequently square (9), obtaining
In what follows, our main object is to consider (10) as the fundamental classical expression to be used to (heuristically) obtain an NR Schrödinger-like equation. By doing so, we introduce the possibility of the existence of negative energies [i.e. E = ± (︀ m 0 c 2 + p 2 /2m 0 )︀ ] for the particle m 0 . It is worth mentioning that (taking c = 1) the relativistic and non-relativistic functions
smoothly tend to overlap each other from v = 0 to (say) v ∼ 0.14 (a threshold for relativistic effects since γ ∼ 1.01), with 0.014 % discrepancy at v = 0.14, so that E 2 R → E 2 NR continuously as v → 0 (see Fig. 1 ). Therefore, (10) is a correct NR expression for E 2 , provided that p = m 0 v. Hence, by taking the 'square root' of (10), in the same way as the Dirac equation is discerned from the KleinGordon equation, we find the free-particle wave equation wherê︀ p = −i ∇ q . This resembles a single-particle Schrödinger wave equation with (Hermitian) Hamiltonian
since
Here we use the Dirac-Pauli representation
As usual, the momentum vector̂︀ p and a conjugate coordinate vector q are taken to satisfy
The Hamiltonian H acts on vector-valued wave functions
The state of the system at time t is given by a vector
the Hilbert space for each NR quantum system. We assume that Ψ(q, t) is normalised, i.e. multiplied by a scalar constant such that
where '‖...‖' denotes the scalar product in, just as it is (formally) defined in the Dirac theory. In analogy with the relativistic problem, the spin vector S and the orbital angular momentum vector L are taken to be
Thus J = L + S, to be identified with the total angular momentum, is a constant of motion:
while neither L nor S alone is constant.
As with the Dirac quantum theory of the electron, another quantum number, the helicity λ, can be used to classify the free one-particle states [5, 8] . First we note that the operator̂︀
commutes with the free Hamiltonian H:
where the eigenstates of helicity with eigenvalues +1 and −1 are referred to, respectively, as the right-handed state (spin parallel to motion) and the left-handed state (spin opposite to motion). Then we can parallelly follow the relativistic theory in order to calculate the mean values between eigenstates |E, λ⟩ of H:
From these equations we get
Note that (13) introduces the degree of freedom for NR antiparticles. Hence, we have incorporated negativeenergy eigenvalues in the NR regime, so that ZB is also present (see Section 5).
Next we consider an NR spin-1/2 particle moving in the presence of a classical magnetic field. To establish the wave equation governing this system, we make the minimal replacement︀
in (13), obtaining
After multiplying with H from the left, we get that it accounts for positive-and negative-energy eigenstates. It is also possible to regard a general minimal electromagnetic replacement in (13) as
Thereafter, we go along similar steps as above.
Notice that the ubiquitous additive terms of the type m 0 c 2̂︀ are present in some equations throughout the text. This might be paradoxically interpreted as follows: we need to introduce a relativistic concept (rest energy = E′ = m 0 c 2 ) in order to be able to build a strictly NR wave equation.
Note, finally, that the NR analogue of the Dirac equation for Galilean fermions, namely the Lévy-Leblond wave equation [9] , does not possess an associated Hamiltonian: the energy eigenvalues are multiplied by a non-invertible (singular) matrix. This means that it does not exhibit ZB, so that there is no room there for negative-energy eigenstates.
, , Discrete Symmetries; and Invariance
Another interesting problem is whether (13) is invariant under , , and discrete symmetries. First, for space inversion we have
If (13) is to look similar in the space-inverted system, then
where
with is a 4 × 4 matrix independent of the coordinates q, t. Multiplying with −1 from the left we get
since {β, γ 5 } = 0. As with the Dirac theory, we can choose = β [8] . Comparing (31) with (33), we observe that the parity transformation does not leave the wave equation (13) unchanged, unlike the Dirac theory.
We now proceed to discuss the time-reversal invariance of (13) . This transformation is defined by
Then, the transformed wavefunction
describes a spin-1/2 particle that propagates backwards in time. This is possible if Ψ′(q, −t) also satisfies (13) . The time reversal of (13) is achieved by multiplying from the left by :
For the wave function (35), the same Schrödinger-like equation should hold for Ψ(q, t) in (13) . We demand, as in the relativistic theory, that
Thus the operator must contain the complex conjugation operator K, and therefore we set = 0 K, where 0 = −iα 1 α 3 is unitary. Hence
and therefore (13) is not invariant under , also in contrast to the Dirac theory. However, if we combine both and symmetries, the wave equation (13) remains invariant. It is easy to see that the above properties hold even in the presence of an electromagnetic field. Finally, we consider the charge conjugation discrete symmetry . We first ask whether the system based on (13) in the presence of a general electromagnetic field, with the sign of eV and eA reversed,
is equivalent to the one based on (13) with minimal coupling (29). Following the Dirac theory, we try
where is a 4 × 4 matrix. Taking the complex conjugate of (39), we have
in which γ 
If in the representation (15) we choose
we have proved the equivalence. We conclude that the wave equation stated by (13) with (29) is consistent with invariance under .
Zitterbewegung
The motion of ZB corresponds to an interference between positive-and negative-energy eigenstates [10] . It produces what appears to be a fluctuation of the position of a spin-1/2 particle, with an angular frequency of ω ZB = 2m 0 c 2 / , or, for the electron, approximately 1.6 × 10 21 rad/s. ZB makes the particle sensitive to the average potential in the vicinity of its average position.
In the Heisenberg picture, all the relations hold at any one time, and the time derivative of any one of the operatorŝ︀ that does not depend explicitly on time is given by
Hence dH dt = 0, dp dt = 0,
while for a free particle the velocity operator at any time is given by the Heisenberg equation
where η = iβγ 5 , η † = η so that η 2 = I. Expression (46) states, in Barut-Bracken's wording (1981) , that the particle possesses two types of velocities: a 'macroscopic' one proportional to the usual velocity operator p/m 0 , and a 'microscopic' one given by cα in units of c. In fact, we can determine the position operator associated with the particle. To this end, we observe that
where H −1 = H/E 2 . Let us define the operator
These are, to some extent, lengthy tasks and hence they will be deferred to future research. Finally, note that the ZB of a spin-1/2 particle has never been directly observed [18] [19] [20] [21] [22] [23] . However, it has been simulated: (i) with a trapped ion, by putting it in an environment such that the NR Schrödinger equation for the ion has a similar mathematical form as the Dirac equation [19] [20] [21] , and (ii) in an arrangement of Bose-Einstein condensates [24] . We emphasise that ZB is not a strictly relativistic effect: for instance, it could appear even for an NR particle moving in a crystal or for quasi-particles governed by the Bogoliubov-de Gennes equations in superconductors [20, 21] . Future research could lead to applications of the Schrödinger-like equation (13) in these and some other physical systems whose Hamiltonians are listed in [20] .
